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Framework and goals (1)

Modeling process :

# Real phenomena represented by deterministic equations
Ex : fluid flow described by Darcy equations...

* Input parameters and associated uncertainties X =[x,,...,X,]
Ex : model parameters (estimation or literature), physical variables (in situ or laboratory)..

= Implementation : computer code Y, (X)
Ex . oil reservoir simulation, migration of pollutant in saturated porous media. ..

Input parameters and
variables
Ex : permeability, porosity, Kd ...

Purposes :

Identify the most influent parameters

===> Improvement of the knowledge of
these parameters
===> Reduction of uncertainties on

prediction and optimization
@ A - —J\_)
«Observed» «Simulated»
experiment experiment .E\
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Framework and goals (2) T~

Extension to functional outputs of computer code :

X=[X,..X,|=Y .(zX), ze D

emporal output patial Outpu
Ex : Oil production history... Ex : Concentration of component...

Multi lot: FWPT_RESERVOR_Field DEEE“'I ber‘ 2 ﬂ 1 ﬂ
. FWPT_RESERYOIR_Field ’ *
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Gp metamodel (1)

Problem :

¢ Computer code time expensive (~ 30mn / evaluation)
¢ Complex model
¢ High number of inputs (> 10)

— Sensitivity analysis with a direct use of
cotrxputerycode is difficult

Solution : Replace computer code by a metamodel

# Approximation of computer code with a negligible computer time
# Ex : Polynomials, splines, neural networks, regression trees...

Choice : conditional Gaussian process (Gp)
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Gp metamodel (2)

Definition :

Gaussian process defined on R xQ
Y(x,w) = F(x) + Z(x,w)

/ \ ove(Z(x), Z(u)) = GZR(x, u)
Regression stochastic part where o2is the variance

and R the correlation function
: Z~N(0, o°R)

Parametric choices :

- F : polynomial of degree 1 F(x)=/, +Z,6’1xl

i=l1
- R : stationary process with gener'ahzed exponential covariance

R(x,u) =R(x- exp( ] +e21 _
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Gp metamodel (3)

Joint and conditional distributions :

- Learning sample (LS) of n simulations : (X .Y, s)
XLS = [x(“ ,...,x(”)], FLS = F(XLS) . RLS = (R(X(i) ,X(k) ))i,k

- Joint distribution of LS : Y, ~ N (BF,,02R,)

- Conditional Gp metamodel :

—> Y(x,a))‘XLS, ~ Gp

( _
Eq [Y(x’ a))XLS,YLS ]: PF (x)+r(x)R 1[YLS _IBFLS]
with r(x)=[R(x(”,x) ..... R(x(”),x)]

YLS

< Cov, (Y(u, a))XLS,YLs Y (v, w)XLs’YLS ): 0'2(R(u, v)+’r(u)RLS‘1r(V))

. Predictor notation : ¥ (x) = E, lY (X, @)y, v, ] .E\
[ ==
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Gp metamodel (4) T

Building methodology of G6p metamodel

¢ Parameter estimation by maximum likelihood : (ﬁ,ﬁ,p,qg)

¢ Sequential algorithm :
Stochastic algorithm followed by a descent step (Hookes & Jeeves)
Sequential insertion of inputs in regression and covariance functions

¢ Double selection of inputs
- Minimization of AICC criterion = regression
- Maximization of predictivity coeff. Q, = covariance

ZN: (Yi_fi)z

¢ Final validation by Q, : Q. (Y,Y)=1- £

N

> (W -v,)

i=1

All the details of the building algorithm in Marrel et al.[4]

nvironmen
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Extension to a spatial output ? | o R

Which functional metamodel ?

Use of full discretization of the function

¢ Building of a metamodel and the associated sensitivity analysis for each
point of discretization

Possible but computer time expensive with metamodel like Gp
=—> Necessary reduction of data or isolation of main information

Replace the function with few parameters of interest (final value, max, ...)
¢ Reduced exploitation, strongly related to the initial problematic

Kriging / Cokriging (Santner et al., 2003, Fang et al., 2006)

|

simultaneous treatment of a large dimension data

Spectral decomposition of covariance (Karhunen-Loeve)

Decomposition on a functional basis (Fourier, wavelets,...)
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Extension of Gp metamodel to a Spatial output o =
e

Wavelet decomposition + Gp modellnq of coefflments

Step 1 : Spatial decomposition on a wavelet basis
— Sel%c’rion of the Amain coefficients of the decomposition

Yi(X.2z)=pu(z)+ Z a;(X)oj(z) avec a;(X) = /D(Y(X: z) — pu(z))o;(z)dz

j=1

Step 2 : Gp modeling of the A main coeffs in function of the inputs X

Functional Gp
Computer code
nput parameters —
X=[X, ..X,]

decomposition Selection of Metamodel Modeling of coefs
Step 3 : Prediction for any inputs

main coefficients . in function of X
Sensitivity analysis uncertainties propagation, ...

= [X* main coefficients|  —- map

Functional
New paramete> Me‘ramodel Prediction of reconstruction Predicted
X'4)
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Sensitivity analysis : Sobol indices * s —

¥/
— : B

2
R - — =@
Variance of ¥

Global sensitivity analysis

===>>Based on variance decomposition : m/\‘ R

Part of the variance of each input

X1
in the output variance @:{;

X3

=== Input/output relation neither linear, nor monotonous :
Computation of Sobol indices

Definitions for a spatial output Y (X ,,..., X ,, 2)
- Main Effects::

d
a(X;, ) =Y (e X X o Xy X0 2) [ [, = EIV (X X020 X

j=1,j#i

- Sobol indices :
Si(2) Vaer_[E(Y(Xl,...,Xd,z)/Xi)] VarXi[a(Xl.,z)]

Var (Y (2)) Var (Y (z))

Details of sensitivity analysis with Gp in Marrel et al.[3] i

nvironmen
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lllustration on an hydrogeological transport code (1) == —
B — = By =

S el e a

® Kurchatov site (Moscow suburbs):
e Temporary storage of radioactive waste from 1943 to 1974
e Study of the site in 1990 : 20 piezometers
= Contamination of upper layer by 2°Sr

= Purpose :
Estimation of the sort-term evolution of 0Sr
transport to help in decision rehabilitation making

= Modeling :
» Development of 99Sr generalized transport scenario
on the site from 2002 and 2010, with MARTHE software

» Identification and partial characterization of transport parameters

==p> Determine the most influent parameters:

4 Ny

Response surface + Sensitivity analysis of
building parameters [
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® Geological modeling & simplification

PERMEABILITES { Ligne n® 3 coupe Wi-:E

Identification of 2 ram rs:

Permeability, porosity, sorption coefficient
Kd, infiltration intensities...
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lllustration on an hydrogeological transport code (3) =

//

./

-

® Mathematical and humerical modeling : Mar"rhe data
» 20 input parameters :permeability, Kd, porosity, infiltration intensities, ...

» Functional output (discretization):
Map of concentration in 2010 computed by MARTHE software
Spatial discretization : 64x64 = 4096 sites

Simulation
of the 20 inputs
(LHS)

300 LHS simulations

Initial concentration map Final concentration map
December 2011

August 2002

MARTHE Code

||||||
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lllustration on an hydrogeological transport code (5) —=F
T~ x_-/'!- o

= - ———

E Step 1 : Decomposition of each map on a wavelet basis

» Centering of the maps (empirical mean)
» Decomposition on a wavelet basis (Daubechies wavelets)
» Sort of and selection of the 100 main coefficients (L, norm)

B Step 2 : Gp Modeling of coe

icients in function of inputs X

» Modeling by Gp metamodel of the 100 main coeffs (accuracy
controled by Q, estimated by cross validation)

m Step 3 : Prediction of a map for any set of inputs x*

x*=> prediction of the coeffs => reconstitution of the concentration map
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lllustration on an hydrogeological transport code (6) =&
— ——= Ny 2

— o

Different strategies for the modeling of the coefficients of the wavelet decomposition

0.2
0.18
0.16
0.14
012

0.1
0.08
0.06
0.04

0.02

MSE

Reference : True value of the k wavelet coefs.
Strategy 1 : Linear regression for the k wavelet coefs
Strategy 2 : Gp for the k wavelet coefs

Strategy 3 : Gp for the k wavelet coefs + Linear regression for the others
Strategy 4 : Gp for the k wavelet coefs + Linear regression if Q2>0.5
Strategy 5 : Gp for the k wavelet coefs + Linear regression if Q2>0.7

20 30 40 50 60 70 80 90 100
k : Number of coefs of the wavelet decomposition

Remark : linear regression is combined
with a selection procedure based on
criterion like AIC ,BIC or Cp Mallows.

I ti Innovation
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lllustration on an hydrogeological transport code (7) =&
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Predictivity of functional metamodel
(6p modeling of the 100 selected coefs + lin. reg. & AIC selection
for the others)

Map of Q,

(leave-one-out on the 300 simulated maps)
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lllustration on an hydrogeological transport code (8) =
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@ Sensitivity analysis : Main maps of sensitivity indices

ndice de Sobol du prermer ordre pour le paramétre per?
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lllustration on an hydrogeological transport code (9) %
opPOTE CREE )

@ Sensitivity analysis : = Sensitivity maps for the 3 most influérT‘rTnpths

1% arder Sobaol index of parameter 13

1= arder Scbhal index of parameter Kd1
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Conclusion
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o
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= Functional metamodel : 6p + wavelet decomposition

» An efficient strategy to reduce the large dimension of output
=application to temporal or spatial output (environmental problems)

* Maps of sensitivity indices:
=influence of each input on the output of computer code.

» Global but also local information: for each spatial point, the most
influent inputs are known.

s Re-characterization strateqy available :

= The most influent inputs (Kd, infiltration coeff., ..) are identified and
their uncertainties must be reduced to decrease the uncertainty of the
code prediction.

» Confidence intervals for the code prediction of the output
= Help for the final decision.
Ex : decontamination perimeter, optimisation of oil production
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